We show that our procedure of constructing excited-state energy functionals by splitting k-space, employed so far to obtain exchange energies of excited-states, is quite general. We do so by applying the same method to construct modified Thomas-Fermi kinetic energy functional and its gradient expansion up to the second order for the excited-states. We show that the resulting kinetic energy functional has the same accuracy for the excited-states as the ground-state functionals do for the ground-states.
I. INTRODUCTION
Since the inception of ground-state density functional theory (DFT) [1, 2, 3, 4, 5] , efforts have been made to extend it to excited-states. Such attempts include the work of Ziegler et al. [6] , Gunnarsson et al. [7] , von Barth [8] , Perdew and Levy [9] , Pathak [10] , Theophilou [11] , Oliveira, Gross and Kohn [12, 13] , Nagy [14] , Sen [15] and Singh and Deb [16] . However, a general excited-state density functional theory for individual excited-states, akin to its ground-state counterpart, has started taking shape [17, 18, 19, 20, 21, 22, 23, 24, 25] only over the past decade or so.
In density functional theory, energy of a system is expressed as a functional of the density of the system. History [26] of writing energy of a system in terms of its density is as old as quantum-mechanics itself. In an attempt to simplify the problem of interacting electrons, Thomas [27] and Fermi [28] expressed the kinetic energy of a many electron system approximately by employing the expression [29] for the kinetic energy of the homogeneous electron gas (HEG). Similarly, Dirac [30] gave an approximate expression for the exchange energy of a many-electron system by employing the corresponding HEG formula. With the Hohenberg-Kohn [1] discovery of the one-to-one map between the ground-state density and the Hamiltonian of a system, it became clear that the energy of a system can indeed be expressed as a functional of its ground-state density; however, the functional is not known exactly. In the Kohn-Sham formulation [2] of DFT, the kinetic energy component of the total energy is treated highly accurately by writing it in terms of orbitals of an auxiliary system. Thus the non-interacting kinetic energy is expressed in terms of the Kohn-Sham orbitals |φ i as (atomic units are used throughout the paper so that we take = m e = |e| = 1)
where f i represent the occupation of i th orbital. For the ground-state, f i = 1 for i th orbital of each spin if i ≤ i max where i max is the index of the uppermost occupied orbital and is 0 for all the higher orbitals. For an excited-state, the occupation is different from the ground-state;
for example it could be equal to 1 for i ≤ i 1 , 0 for i 1 < i ≤ i 2 and 1 again for i 2 < i ≤ i 3 , as shown schematically in Fig. 1 . On the other hand, the exchange and correlation energies are still expressed approximately in terms of the density. Foremost among these approximations are the local-density approximation (LDA) and the local spin-density approximation (LSD).
In these approximations, the exchange and correlation energies are expressed in terms of the density by employing the corresponding expression for the HEG. Thus the LDA for the exchange energy is the same as the Dirac expression for it. Over the years, far more accurate functionals [31] for exchange and correlation energies have been constructed by going beyond the LDA and including corrections in terms of the gradient of the density. The leading term in most of these functionals is the LDA/LSD functional and in the limit of the gradient of the density vanishing, the functionals indeed reduce to the latter.
Given this background, a question that arises naturally in the development of excitedstate DFT is if it would possible to construct energy functionals for these states with similar accuracy as is obtained in the ground-state functionals. In particular it is important to develop an LDA functional for the excited-states since that is the foundation on which more accurate functionals are built. We have recently constructed an exchange energy functional for excited-states within the LDA. This has been done by splitting the k-space in accordance to the occupied and unoccupied orbitals of the excited-state, as shown in Fig. 1 . In the figure, we have some orbitals -the core orbitals -including the lowest energy orbitals that are occupied, then some empty orbitals and then some more orbitals -the shell orbitalsthat are occupied again. The k-space, also shown in the figure, is accordingly split such that it is occupied from k = 0 to k = k 1 , empty from k 1 to k 2 and then occupied again from k 2 to k 3 . Here k 1 , k 2 and k 3 are given by the equations
where ρ c and ρ s are the electron densities corresponding to the core and the shell orbitals.
Similarly, ρ vac is the electron density corresponding to the set of unoccupied orbitals. Thus
an excited state The corresponding k-space occupation (c), in the ground and an excited state configuration similar to that shown in (a) for a homogeneous electron gas (HEG).
The total electron density ρ(r) is given as
For detailed derivation of these equations, we refer the reader to the next section. We note that besides the GEA functional, there is another approach to constructing kinetic-energy functionals [33] for the ground-state, which employs two exact asymptotic forms: Thomas-Fermi for the HEG and the von-Weizsacker term [34] for one-orbital systems.
If our approach has universality, it should also work for functional such as the Gázquez- Robles functional proposed in reference [33] . We show in this paper that it does.
We start in the next section with a description of the Thomas-Fermi approximation for the non-interacting kinetic energy for the ground-state. This approximation is the LDA for the kinetic energy. We then discuss the gradient expansion approximation (GEA) for the kinetic energy up to the second-order in the density gradient. Results for a few atomic systems and the key features of these results are then discussed. This forms the background against which the kinetic energy functional for the excited-state is then constructed and tested in the section after the next one. We end the paper with some concluding remarks.
We point out that our aim in this paper is to explore conceptually if our approach yields kinetic energy functionals that have accuracy similar to their ground-state counterparts.
Our work shows that it does. Question arises: Can these functionals be applied to obtain average excited-state energies. This possibility is being explored. However, density-based functionals cannot be expected to reproduce the exact answer for the kinetic energy, as given by equation 1. Therefore the operational utility of the kinetic energy density-functionals for excited-states is similar to that of traditional Thomas-Fermi functional or its extensions for the ground-state.
II. LDA AND GEA UP TO THE SECOND ORDER FOR THE NON-INTERACTING KINETIC ENERGY OF THE GROUND-STATE
The basis of the LDA is the homogeneous electron gas for which the kinetic and the exchange energies can be expressed in a rather simple form involving the density of the system. For the non-interacting kinetic energy we consider a gas of non-interacting electrons that fill the k-space from k = 0 to k = k F because of the Pauli exclusion principle. The wavefunction for an electron in a state specified by wavevector k is
where V is the volume over which the periodic boundary conditions are applied on the wavefunction. Assuming the volume to be a large cube of side L, the wavevectors k take the values
where n i = 1, 2, 3 . . . with the maximum value such that the magnitude of the largest k is k F . The density of k-points in the k-space is therefore V 8π 3 and the density of states including the spin of the electrons is V 4π 3 . Equating the total number of electrons N within the volume V to the number of states within a sphere of radius k F , referred to as the Fermi sphere, leads to
where
is the number density of the homogeneous electron gas. Similarly the total kinetic energy is calculated by summing the kinetic energy
of a state specified by the wavevector k over the Fermi sphere. It gives the kinetic energy density or the kinetic energy t s per unit volume to be
The local density approximation to the kinetic energy i f i φ i |− 
where k F (r) and ρ(r) at each point in space are related by equation 8. In equation 10 the superscript (0) indicates that this is the zeroth-order approximation to the exact kinetic energy for an inhomogeneous electron gas. It is well known to underestimate the exact kinetic energy. If the number of up and down spin electrons is different, the functional given above can be written in terms of the spin densities ρ ↑ and ρ ↓ as
Exact kinetic energy for some closed-shell hydrogen-like atoms and the Thomas Fermi approximation to it for the same atoms is given in Table I . Table II gives the exact kinetic energy for atoms from H to Ne for the density obtained by solving the Kohn-Sham equation
for it within the Gunnarsson-Lundquist parametrization [7] of the LDA for the exchangecorrelation energy. As is evident from the Tables, Thomas-Fermi functional underestimates the exact kinetic energy by about 5% to 10%.
The first correction to the Thomas-Fermi functional in terms of the density gradient is proportional to the square of the gradient of the density and is given as [3, 4] T (2)
This is easily derived [1, 35] from the expansion of the response function of a non-interacting electron gas. The correction term is also generalized in terms of the spin densities as given by equation 11. Equation 12 represents the lowest-order gradient correction to the ThomasFermi functional. The gradient-corrected kinetic energy
is also given in Tables I   and II for the atomic systems given there. It is seen that the inclusion of the second-order correction brings the approximate kinetic energy closer to the exact one, with the difference being less than 1%. The question that we now address is if kinetic energy functionals can also be written for excited states using ideas employed to generate functionals for the ground-state.
III. LDA AND GEA UP TO THE SECOND ORDER FOR THE NON-INTERACTING KINETIC ENERGY OF EXCITED-STATES
One straightforward choice for the functionals to be employed for excited-states is to use the ground-state functionals described in the section above. However, the way k-space To develop a kinetic energy functional corresponding to excited-states, we have proposed [22] in the context of exchange energy that the k-space be split in accordance to the occupation of orbitals in the excited-state of a system. This is shown in Fig. 1 for an excited-state where some lowest lying orbitals -the core orbitals -are occupied, then there are some vacant orbitals and then some more orbitals -the shell orbitals -are occupied. According to our method of constructing excited-state functionals for such a system, the k-space is also occupied correspondingly with orbitals up to k 1 being occupied with k 1 given by equation 2, orbitals between k 1 and k 2 being vacant with k 2 given by equation 3, and again orbitals from k 2 to k 3 being occupied with k 3 given by equation 4. Now steps leading to equation 10 are taken to derive the kinetic energy for such a system. The corresponding LDA functional T * (0) for the excited-state is then given as
The spin-density generalization of equation 13 is given by equation 11. We call the func- given by equation 13 has the same accuracy for the excited-states as the ground-state functional does for the ground-state. In Table IV We next discuss the gradient expansion approximation for the excited-states kinetic energy. Since the kinetic energy is a sum of kinetic energy of individual orbitals, the second order correction to the kinetic energy for an excited-state can also be written exactly in the same manner as the zeroth order approximation given by equation 13. Thus the second-order gradient correction to the excited-state kinetic energy is given as
Like in the functional of equation 13 the term 1 72
dr gives the gradient correction to the core-orbitals kinetic energy while the last two terms give it for the shell orbitals.
Here ρ(r; k) = Tables III and IV we also show the second-order corrected kinetic energy T * (0) + T * (2) for excited-states of hydrogen-like and real atoms, respectively, and compare it to the exact kinetic energies.
It is again seen that the second order-correction calculated by using equation 14 leads to improved kinetic energies for the excited-states.
As an extreme test for the functional of equations 13 and 14, we apply them to excitedstates where there are no core electrons, i.e. all the electrons have been excited. The exact and approximate kinetic energies for such states are given in Table V significantly. This again points to the soundness of the idea -that of splitting the k-spacebehind the construction of these functionals.
IV. GÁZQUEZ-ROBLES FUNCTIONAL FOR EXCITED-STATES
As mentioned in the introduction, there are other forms of the kinetic energy functional for the ground-state that are based on considerations other than the LDA and it gradient expansion. One of these approaches constructs a functional by combining the von-Weizsacker functional
which is exact for one-orbital systems and the Thomas-Fermi (equation 10) functional with a correction factor
where N is the number of electrons in the system. Thus the final functional is
The constants A 1 = 1.314 and A 2 = 0.0021 for spin-compensated case [4] . It is easily generalized to the spin dependent case through equation 11. In the functional above, the von-Weizsacker term gives accurate kinetic energy for the lowest orbital and the contribution from the rest of the orbitals is accounted for by the second term. Thus the factor 1 − Applying the same arguments that were used to derive equation 13 and 12 -that the kinetic energy for an excited-state is written as a combination of the ground-state kinetic energy functionals corresponding to the wavevectors k 1 , k 2 and k 3 -we write the excited-state
Gázquez-Robles functional as
We have also tested the ground-state Gázquez-Robles functional (equation 17) and its excited-state generalization (equation 18) for the excited-states studied in Tables IV and   V . The results are shown in Tables VI and VII. It is evident from the numbers presented that with the Gázquez-Robles functional also, our approach leads to an excited-state functional that estimates the kinetic energy of an excited-state better than its ground-state counterpart. We note, however, that unlike the GEA functional the Gázquez-Robles functional is not uniformly accurate for all the excited-states studied. This could be because the parameters of the functional have been optimized using the ground-state kinetic energies of atoms within the Hartree-Fock theory. Nonetheless, by applying our approach to two kinetic-energy functionals, which are derived by two different methods, we have shown that our method leads to improved functionals for excited states.
V. CONCLUDING REMARKS
In this work we have tested the idea of constructing the LDA to excited-state energy functionals of time-independent density functional theory by splitting the k-space in the context of non-interacting kinetic energy functionals. Our results show that the functionals obtained by such a method have the same accuracy for the excited-states as the ground-state functionals do for the ground-states. Further, we have shown that gradient correction can also be made on such functionals. The general nature of our proposal is evident from the fact that applying it to a different kinetic-energy functional also leads to an improved functional for the excited-states. In the future we would like to derive the gradient correction given by equation 14 in a manner similar to that [35] for the ground-state, i.e. from the response function of the excited HEG. Further, it would also be interesting to see if excited-state functional derived here can be used to approximately calculate excited-state energies by employing a variational form for the excited-state densities. vacant from n 1 + 1 to n 2 and occupied again from n 2 + 1 to n 3 and the corresponding approximate kinetic energies. The latter are calculated by applying ground-state functionals T (0) and T (0) +T (2) of Equations 10 and 12 and the excited state functionals of Equations 13 and 14. The corresponding errors are given below each number. Atom and T (0) + T (2) of Equations 10 and 12 and the excited state functionals of Equations 13 and 14.
The corresponding errors are given below each number 
